The failure rate function plays an important role in studying the lifetime distributions in reliability theory and life testing models. A study of the general failure rate model r(t) = a + bt θ−1 , under squared error loss function taking a and b independent exponential random variables has been analyzed in the literature. In this article, we consider a and b not necessarily independent. The estimates of the parameters a and b under squared error loss, linex loss and entropy loss functions are obtained here.
Introduction
Failure is an unavoidable phenomenon with technological products and systems. Reliability is a measure of failure uncertainty. The failure rate function plays an important role in reliability theory. The failure rate function and the distribution function are equivalent in the sense that knowing one, other can be uniquely determined by the relationship F X (t) = 1 − F X (t) = e − t 0 r X (u)du , or equivalently, f X (t) = r X (t)e
where f X , F X ,F X and r X are the probability density, the distribution, the survival and the failure rate functions, respectively. In reliability, lifetime distributions are often specified by choosing a particular failure rate function. The constant failure rate characterizes exponential distribution. The linear failure rate (LFR) distribution arises often in reliability literature and is motivated by its application to human survival data, see, for instance, Kodlin [5] and Carbone, Kellerhouse and Gehan [3] . Various distributional properties and applications of the LFR distribution to life testing and reliability studies have been described by Sen [12] and the references therein. Estimation of the unknown parameters in the lifetime distributions of the individual components belonging to a multi-component system is an interesting problem in reliability analysis. These estimators may be extremely useful in some ways, since they reflect the component reliability after being assembled into an operational system (cf. Usher and Hodgson, [15] ). Such estimators can be used under appropriate conditions to predict the reliability of new configurations of the components of the system. The estimation of the LFR model r X (t) = a + bt with a and b nonnegative constants, using classical method, has been studied in the literature by Bain [2] , Shaked [14] , Sen and Bhattacharyya [13] among others.
Ashour and Youssef [1] have investigated the Bayesian estimators for the parameters of the LFR model based on Type-II censored samples. However, their derivation of the marginal posterior distributions seems to be erroneous (cf. Lin, Wu and Balakrishnan [7] ). Pandey, Singh and Zimmer [9] have discussed the same problem with a simpler assumption on the joint prior distribution. The Bayesian estimation and prediction problems for the LFR model under general progressively Type-II censored samples are considered by Lin, Wu and Balakrishnan [7] . The estimation of LFR distribution based on records and inter-record times has been discussed in Lin, Wu and Balakrishnan [8] . In life testing and reliability studies, LFR distributions are useful in modeling the life length of a system or component when failures occur at random, and also from ageing or wear-out. But this failure rate model cannot describe other failure rate models except the linearly increasing one. To overcome this difficulty and to accommodate more varieties of failure rate models, Sarhan [10] has analyzed a more general failure rate model of the form
for some nonnegative constants a, b and θ. (1.1) generalizes exponential distribution (b = 0 or θ = 1), Rayleigh distribution (a = 0, θ = 2), Weibull distribution (a = 0) and LFR model (θ = 2). For 0 θ 1, (1.1) gives DFR (decreasing in failure rate) distribution, whereas for θ 1, it gives IFR (increasing in failure rate) distributions. The general failure rate model given in (1.1) is a useful model to specify the lifetime distributions in reliability theory and life testing.
Sarhan [10] has obtained the Bayes' estimators of (a, b) under the squared error loss function taking a and b independent exponential random variables with known parameters, and θ a known constant. But, a and b may not always be independent. Also, several common situations may arise when over estimation is more serious than under estimation and vice versa. In that case the loss function cannot be symmetric (e.g., squared error loss). Here we consider the case when a and b are not necessarily independent and the data are Type-II censored. We assume that θ is known and (a, b) have joint probability density function
where f and g are the marginal probability densities of a and b, and F and G are the distribution functions corresponding to f and g, respectively. The probability density function given in (1.2) is the well known Farlie-Gumbell-Morgenstern bivariate density (cf. Farlie, [4] ). We assume that the value of ρ in (1.2) is known. Clearly, when ρ = 0, we get the result of Sarhan [10] . It is to be mentioned here that parameter estimation of the general failure rate model (1.1) using masked data is considered in Sarhan [11] . The paper is arranged as follows. In Section 2, we formulate the problem. The Bayes' estimators of the parameters a and b under different loss functions viz. squared error loss function, linex loss function and entropy loss function are obtained in Section 3. In Section 4 some simulation results are presented.
Formulation of the problem
In the present context, we use the following assumptions: Assumption 2.1 A fixed number of units, say n, are put on test and the data collected on the life of the units are Type-II censored. That is, the test is terminated once r (prespecified number) units fail. The failure times of the first r units are known. Let they be t 1 , t 2 , . . . , t r . 
Given a and b, the survival function corresponding to (1.1) is given bȳ
If T denotes the random variable having failure rate function given by (1.1), then the joint probability density function of (a, b) and T is given by
, which gives the marginal probability density function of T , after some simplifications, as
where
Thus, we have
Remark 2.1 If it is assumed that ρ is unknown with a uniform prior distribution in (−1, 1), then the probability density function of T becomes f T (t) = λ 1 λ 2 I 1 , which is same as (2.4) with ρ = 0.
3 Bayes' estimators of a and b
Once the values of t 1 , t 2 , . . . , t r and that of n are known, the likelihood function can be written as (cf. Lawless [6] )
where t = (t 1 , t 2 , . . . t r ). On using (2.3), (3.5) reduces to
and
. . , r with M 0 (t) = 1. A similar kind of expression may be obtained in Sarhan [10] . Now, the joint distribution of t, a and b is
+ρ 4e
, which gives the marginal density function of t as
where 1, 1, 1) , 1, 2, 2 ), (1, 1, 1, 2) and
, a 1p = S 1 + pλ 1 and a 2q = S 2 θ + qλ 2 . Hence the posterior joint probability density function of (a, b) is given by
.
Estimation under squared error loss function
Let us consider the loss function of the form
is the estimator of ψ. It is well known that under the loss function of the form (3.6), Bayes' estimator of a parameter is its posterior mean. Thus, Bayes' estimators of a and b are given bŷ
These, after simplification, reduce respectively tô
Estimation under linex loss function
Here we consider the loss function of the form
where c 1 , c 2 , l 1 , l 2 are constants, and ψ andψ are as defined earlier.
The Bayes' estimators of a and b are then given bŷ
respectively. These, after simplification, reduce respectively tô
where Φ * = Φ with a 1p replaced by a * 1p = c 1 + S 1 + pλ 1 and Φ * * = Φ with a 2q replaced by a * 2q = c 2 + S 2 θ + qλ 2 .
Estimation under entropy loss function
where m 1 and m 2 are constants, and ψ andψ are as defined earlier.
The Bayes' estimators of a and b are then given bŷ 
Simulation and Conclusion
Once the Bayes' estimators of the parameters a and b are obtained it might be of interest to know how the estimators behave for different values of the parameters of the underlying model. This is done in this section through a simulation study as is detailed below. In the tables given in the Appendix, the values ofâ BS ,b BS ,â BL ,b BL ,â BE andb BE are given for different values of n, r, θ, λ 1 , λ 2 , ρ, c 1 and c 2 . Keeping the other parameters fixed, the values ofâ BS ,b BS ,â BL ,b BL ,â BE andb BE , for different values of n, r, θ, ρ, λ 1 and λ 2 , are given in Tables 2-7 respectively. Note that here we have simulated more number of values to get a clear picture ofâ BE . Those values are reported at the bottom portion of Table 3 . It is to be mentioned here thatâ BS ,b BS ,â BE andb BE are independent of c 1 and c 2 , whereasâ BL andb BL vary with c 1 and c 2 respectively. Table 8 shows the values ofâ BL andb BL for different values of c 1 and c 2 respectively, taking the other parameters fixed. In Table 1 given below the conclusions about the monotonicity of a BS ,b BS ,â BL ,b BL ,â BE andb BE have been made on the basis of the tabulated values. Once the values show non-monotone behavior, we have simulated for more number of values, and the specific non-monotonic behavior has been noted in Table 1 .
To compute these values following methodology has been adopted and the simulation works have been done using R-Software.
(1) Markov Chain Monte Carlo (MCMC) method (using Metropolis-Hastings algorithm) has been adopted to generate samples from f T (t), the target distribution, given in (2.4). We take proposal distribution as exponential with rate (λ 1 + λ 2 )/2. In the simulation process, we take 5000 burn-in observations. Then, a sample of size n is chosen and out of these observations, Type-II censored sample (t 1 , t 2 , . . . , t r ) is collected censoring at the point r. Table 9 that all are decreasing functions of n, as expected.
(5) Empirical Bayes risk for estimating a and b under different loss functions are also calculated using the definition
gives R E BL , and i = 3 gives R E BE . Accordingly we define R E BS , R E BL and R E BE as empirical Bayes' risk under squared error loss function, linex loss function and entropy loss function respectively. Without any loss of generality, we choose each of k 1 , k 2 , l 1 , l 2 and m 1 , m 2 as unity. Taking fixed values of n, r, θ, λ 1 , λ 2 , c 1 and c 2 , as in Table 4 the values of R E BS , R E BL and R E BE are obtained under 1000 repetitions for different values of ρ. It is observed from Table 10 that R E BS is decreasing in ρ. It is observed from Table 10 that the values of R E BS is less for any ρ > 0 than that when a and b are taken as independent, i.e., ρ = 0. Similarly, we can find some ρ for which R E BL and R E BE are less than the risk for ρ = 0, which exhibits the necessity of taking a and b not independent.
We have chosen basically two types of loss functions -symmetric (squared error loss) and asymmetric (linex loss and entropy loss). Two asymmetric loss functions have been chosen for their distinctive features -linex loss function has different shapes depending on c 1 and c 2 , whereas entropy loss function has no change in shape. It may be possible to choose a number of loss functions but these three are chosen as representatives.
Once the estimates of a and b are obtained, the estimates of the reliability function and the failure rate function can be computed using the relationshipŝ
For different values of t, the estimates of these two reliability measures can be calculated. Table 2 : Table for Table 4 : Table for Table 8 : Table for 
